Abstract: During the last 15 years, several Multivariate GARCH (MGARCH) models have appeared in the literature. Recent research has begun to examine MGARCH specifications in terms of their out-of-sample forecasting performance. We provide an empirical comparison of alternative MGARCH models, namely BEKK, DCC, Corrected DCC (cDCC), CCC, OGARCH Exponentially Weighted Moving Average, and covariance shrinking, using historical data for 89 US equities. We contribute to the literature in several directions. First, we consider a wide range of models, including the recent cDCC and covariance shrinking models. Second, we use a range of tests and approaches for direct and indirect model comparison, including the Model Confidence Set. Third, we examine how the robust model rankings are influenced by the crosssectional dimension of the problem.
recently appeared in the literature to tackle the problem, first at the univariate level (Hansen and Lunde, 2005, 2006) , then for the evaluation of alternative covariance models (Engle and Colacito, 2006 , Clements et al., 2009 , Patton and Sheppard, 2009 , and Laurent at al., 2009 .
These papers have presented limited comparisons across a small range of models. Engle and Colacito (2006) compare only the DCC model of Engle (2002) against a constant correlation model, and in a datasets with a cross-sectional dimension equal to 2 (that is, two stock market or bond indices) or 34 (the same series as used in Cappiello et al., 2006) . is quite an extensive study for the model considered, but use a single cross-sectional dimension (50 sector indices defined within the perimeter of the S&P 500 index). Patton and Sheppard (2009) is a theoretical contribution on the approaches to be used for the evaluation of covariance forecasts, so they do not include an empirical application (even with low cross-sectional dimensions)
showing the arguments for and against the various methods. Clements et al. (2009) focus on dynamic correlation models, and present results for a cross-sectional dimension equal to 5 (five US-based future contracts). Laurent et al. (2009) focus on the consistency of multivariate loss functions, report an empirical example over three assets, and simulations for a bivariate case. Laurent et al. (2010) consider a moderately large set of models, but focus on a 10-asset example, and place emphasis on model accuracy against a DCC benchmark. Furthermore, all of the previous papers include the DCC model of Engle (2002) , and are thereby exposed to the estimation (in)consistency problems discussed in Aielli (2011) .
The methods of comparison used in the previous contributions could be viewed as two large classes (see Patton and Sheppard (2009) ), namely the direct and indirect evaluation of volatility forecasts. The first group includes the Mincer-Zarnowitz regression (Mincer and Zarnowitz, 1969) , Diebold-Mariano test (Diebold and Mariano, 1996 , and West, 1996 , 2006 , Reality Check of White (2000) , Superior Predictive Ability (SPA) test of Hansen (2005) , and the Model Confidence Set (MCS) approach of Hansen et al. (2003 Hansen et al. ( , 2011 . The second group includes approaches based on the comparison of loss functions adapted to the needs of covariance forecasts. This is the case, for instance, of asset allocation and risk management, where loss functions could be defined using global minimum variance portfolios returns, such as in Engle and Colacito (2006) and Patton and Sheppard (2009) , or within a Value-at-Risk framework, as in Ferreira and Lopez (2005) .
The tests that compare directly the covariance forecasts fit the general framework of loss-function comparison, as discussed in Clements et al. (2009) and Patton and Sheppard (2009) . The Diebold-Mariano and West approaches are valid for pairwise comparisons of the models, while the Reality Check and SPA require the identification of a benchmark model, whereas MCS does not require a benchmark specification. Overall, the MCS approach seems to be preferred, and is the most appropriate as it provides a statistical test and a method for determining which models are statistically equivalent with respect to a given loss function. Despite the use of a bootstrap method for the evaluation of test statistic, MCS is computationally feasible, efficient and statistically robust. With respect to the indirect comparison of volatility forecasts, an interesting result has been shown in Clements et al. (2009) , that illustrates how utility-based loss functions (in particular, quadratic utilities) make the impact of the covariance model very modest. The approach of Engle and Colacito (2006) should provide interesting results, even for large cross-sectional dimensions.
Working in a purely empirical setting, in this paper we contribute to the literature on covariance forecast evaluation in several ways. First, our selection of models to be compared differs from those of previous studies. Similar to the literature, we consider the CCC model of Bollerslev (1990) , DCC model of Engle (2002) , Scalar BEKK model with targeting of Ding and Engle (2002) , the OGARCH model of Alexander (2001a,b) , and the naïve Exponentially Weighted Moving Average approach.
We complement this set by including the cDCC model of Aielli (2011) , and the covariance shrinking approach of Wolf (2003, 2004) .
The introduction of the cDCC model allows evaluation of the impact of both the lack of consistency and the existence of bias in the estimated parameters of the DCC model of Engle (2002) . Aielli (2011) showed that the bias depends on the persistence of the dynamic parameters in DCC. We are interested in evaluating if DCC could possibly be useful, regardless of its inconsistency. This fact is of interest as DCC has been proposed as a model with correlation targeting, whereas cDCC cannot be targeted, as discussed in Caporin and McAleer (2011) . By including the covariance shrinking method, we evaluate its advantages in large cross-sectional dimensions. Covariance shrinking is computationally feasible and may also reduce the problems associated with the inversion of large covariance matrices, wherein inversion could be unstable due to the presence of small eigenvalues in the empirical covariances. Furthermore, the presence in the model set of the Scalar BEKK model allows a determination of whether the separate estimation of variances and correlations (typical of CCC-and DCC-type models) is to be preferred to the joint estimation of the entire covariance (as in BEKKtype models). Such an analysis could provide a confirmation of the result of Zumbach (2009) that shows evidence of a preference for covariance models with respect to variance and correlation specifications.
Second, we use both the Model Confidence Set of Hansen et al. (2003 Hansen et al. ( , 2011 , and the weighted likelihood ratio test of Amisano and Giacomini (2007) . The latter uses loss-function comparisons of equal predictive ability based on the log-scores. The test will be applied both in the direct evaluation of covariance forecasts and as an alternative to the Diebold-Mariano test. An advantage of the Amisano and Giacomini (2007) approach is that the test statistic is not a function of the true and unknown covariance matrix. As a result, the test is not affected by the estimation error implicit in the use of covariance proxies. The latter element will be further investigated on different loss functions by contrasting the results with a noisy proxy to those with a realized covariance proxy, with the purpose of extending the results of Hansen and Lunde (2005, 2006) , and completing those in Laurent at al. (2009 Laurent at al. ( , 2010 ).
Third, we will evaluate and rank the alternative models over different crosssectional dimensions, starting from five assets, and up to 89 assets, which we select from the S&P100 constituents (a similar dataset has been used in . We will determine if the cross-sectional dimension has a role in determining the preference ordering across models. In other words, we will examine the robustness of the model rankings with respect to the cross-sectional dimension.
It should be stressed that we are comparing alternative feasible models for the evaluation of conditional covariance and/or correlation matrices. The models we consider all belong to the GARCH and Dynamic Conditional Correlation families, thereby excluding Multivariate Stochastic Volatility models. From our perspective, these models, despite being theoretically appealing, suffer for the curse of dimensionality in a more significant way than do MGARCH specifications, and their estimation in large cross-sectional dimensions is likely to be even more complicated than the models considered in this paper. For surveys of Multivariate Stochastic Volatility models, see Asai et al. (2006), and Chib et al. (2009) .
Furthermore, we focus on extremely simple models (all are scalar representations), and follow the quasi-maximum likelihood estimation approach. We do not consider more complex parameterizations because the emphasis in the paper is on simplicity. We are not interested in the determination of an optimal model or estimation method, but rather on baseline specifications, namely those that are the most common among practitioners, and try to verify if they are equivalent. Clearly, 89 assets is far from the traditional problem dimension of (very) large portfolio managers, but the analysis sheds some light on a comparison of model performance across an increasing number of assets. Finally, we stress that our focus is on the empirical application, and is not intended to provide a methodological contribution to the most appropriate methods for model comparison, which will be left for future research based on an extensive simulation analysis.
Our results show that the use of a realized covariance proxy has a relevant impact on model rankings. Furthermore, the rankings are not greatly affected by the problem size, and they stabilize as the number of assets starts to increase. Across the models, some preference may go to the DCC-type and OGARCH-type specifications, while the naïve specifications are generally found to be underperforming. Finally, given the previous comment, we do not find a confirmation of Zumbach (2009) for a preference of covariance models compared with variance and correlation models.
The paper proceeds as follows. Section 2 presents the model structure, briefly discusses the issue of covariance and correlation targeting, and shows the specifications to be estimated. Section 3 discusses the methods and approaches used to compare the models. Section 4 presents the dataset used and reports the empirical results. Section 5 gives some concluding comments.
Feasible covariance and correlation models for large cross-sectional dimensions.
This section briefly introduces the models that will be compared in the empirical application. In the following, we do not consider the effects of different mean specifications.
The mean is fixed at the sample mean determined over the same sample used for the estimation of the parameters. The mean could be based on a variety of time series or financial models, which are not the main concern of this paper. What is relevant is that, for each pair of covariance models that is compared, the mean models are identical. As a result, all forecast discrepancies are due to differences in the expected covariances, while all in-sample differences are due to differences in the estimated covariance models. We now list the models we consider in the empirical application. The model formulae can be found in the cited references or in the web appendix to this paper which will be made available upon request.
Scalar BEKK
We first consider the Scalar BEKK model with a targeting constraint (see Engle and Kroner, 1995; Ding and Engle, 2001; McAleer, 2008, 2011) . Scalar BEKK is estimated following a two-step approach, which is feasible even for very large crosssectional dimensions. We also consider a generalization of the Scalar BEKK model which includes asymmetry (ABEKK), namely the different impacts of shocks on conditional variances and covariances depending on the sign of shocks. This specification is identical to the Asymmetric VECH model adopted by .
Variance and correlation models
We will estimate three models based on a decomposition of the covariance matrices into variances and correlations. The first is the CCC model of Bollerslev (1990) , with all the conditional variances following a simple GARCH(1,1) process without asymmetry in order to make the model directly directly comparable with Scalar BEKK. Second, we consider a CCC model where the variances follow the GJR(1,1) model of Glosten et al. (1993) , thereby including asymmetry in the variances (we call this model CCC-GJR).
As distinct from Laurent et al. (2010) , we do not consider a wider set of univariate models, in order to avoid overfitting (it is difficult to have long memory over the entire set of series, or to have models with orders greater than 1 over all the assets). The model is estimated using a two-step approach, namely estimating the conditional variances on each specific series, and then estimating the unconditional correlation matrix using the sample estimator over the standardized residuals.
Engle (2002) and Tse and Tsui (2002) proposed two generalizations of the CCC model that allow for dynamic evolution of the correlations. We consider here the DCC model of Engle (2002) , which is estimated with a three-stage approach, namely estimating the conditional variance parameters and filtering them, the correlation intercept in the second stage, and then, conditionally on the previous estimates, maximizing the conditional correlation log-likelihood with respect to the parameters driving the correlation dynamics. The introduction of a multi-step estimation method clearly reduces efficiency, as shown in Engle and Sheppard (2001) , but makes the model feasible with large cross-sectional dimensions. The DCC model theoretically includes targeting, as defined in Caporin and McAleer (2011) , but only under assumptions which are analyzed and criticized in Aielli (2011) . Similarly to the CCC, we consider two possible cases for DCC, first with GARCH(1,1) variances (DCC), and secondly with GJR (DCC-GJR). Furthermore, we allow for asymmetry in the correlation process, which is referred to as ADCC if the conditional variances follow a GARCH(1,1) process, or ADCC-GJR if we also include asymmetry in the conditional variances. Aielli (2011) shows that the second step of the DCC estimation method leads to inconsistency problems, thereby also affecting the consistency of the third step. In order to resolve this serious issue, Aielli (2011) introduces the cDCC model, which restores consistency, and suggests a feasible estimation method that is similar to the profile likelihood. We note that Aielli (2011) shows that the lack of consistency of the threestep DCC estimator depends strictly on the persistence of the parameters driving the correlation dynamics and on the relevance of the innovations. Therefore, in this paper we will determine if the bias is relevant in practical applications as a commentary on the inconsistent estimates of the standard scalar DCC model. With a notation similar to that adopted for DCC, we label Aielli's (2011) model as cDCC if the variances follow a GARCH(1,1) process and cDCC-GJR if the conditional variances include asymmetry.
For the cDCC model, we do not consider asymmetry in the correlations as the model cannot be estimated using the approach proposed by Aielli (2011) . As the main purpose of this paper is not the development of new models and estimation methods, we leave the development and analysis of the Asymmetric cDCC model for future research.
Factor GARCH
Factor GARCH is a model class including two subgroups: in the first set, we have specifications where the factors are latent, such as in Engle et al. (1990) and Lanne and Saikkonen (2007) ; the second group includes models where the multivariate structure arises from linear combinations of univariate GARCH models, such as in Alexander Vrontos et al. (2003) , and van der Weide (2002). Further details on this model class can be found in Bauwens et al. (2006) . As a competitor to BEKK and dynamic conditional correlation models, we consider here the OGARCH model of Alexander (2001a, b) . We motivate the choice by the simplicity of the model compared with the alternative specifications mentioned above, which could also be influenced by the curse of dimensionality. The principal components could all follow either GARCH(1,1) processes (that is, OGARCH), or GJR processes (OGARCH-GJR).
Naïve specifications
The last two models considered are the Exponentially Weighted Moving Average (EWMA) model and the Covariance Shrinking approach of Wolf (2003, 2004) . For EWMA, contrary to standard practice, we estimate the smoothing parameter, as it requires limited computational effort. For covariance shrinking (SHR), we combine the sample covariance matrix with a constant correlation, as in Ledoit and Wolf (2004) .
Comparing competing covariance and correlation models.
We will present briefly the approaches to be used in comparing the models described in the previous section. Before moving to the methods, we introduce some notation.
It is assumed that the models are to be compared using out-of-sample forecasts, where forecasts are made one period ahead and for an evaluation period from T+1 to
T+h. Information to time T is used to estimate the various models and to produce the conditional forecasts for time T+1. The estimation sample is rolled forward, and information from time 2 to T+1 is used to forecast the covariance matrix for time T+2, and so on, to time T+h. In order to avoid any dependence on the mean dynamics, we fit the mean using its sample estimator across all models (the sample mean is estimated with the same rolling approach). The one-step-ahead covariance forecasts for time T+i are denoted by ˆm Ti   , where m is the model index (m=1,2,…M). Note that, by construction, the forecasts are conditional on the information set at time T+i-1. The mean forecasts are denoted by ˆT i   , and do not depend on the model. For simplicity, we suppress the conditioning information set from the forecast notation. We follow Patton and Sheppard (2009) and consider separately the direct and indirect evaluation methods.
Direct model evaluation methods
Within the first group, we include approaches based on the use of loss functions, namely the Diebold-Mariano test, the test proposed by Amisano and Giacomini (2007) , and the MCS approach of Hansen et al. (2003 Hansen et al. ( , 2011 . In this setting, the test statistic is given as We consider the two loss functions reported below:
ii) (2011), but in the multivariate framework, the QLIKE loss function is infeasible when the volatility proxy is the cross-product of realized returns (see Laurent et al., 2009 ).
The second loss function corresponds to minus the logarithmic scores, and makes the test statistic equivalent to the Amisano and Giacomini (2007) weighted likelihood ratio test when all points over the forecast horizon have identical weight. We stress that this loss function does not depend on a volatility proxy, and so is not exposed to the estimation error of the underlying and unknown true volatility. Furthermore, it evaluates the fit of all models by means of a Gaussian score measured using the mean forecast errors. As the mean forecasts are identical across models, the differences in the losses are solely due to differences across the covariance models. 
where the notation is the same as in (1). In order to test the null hypothesis, we use the following two test statistics proposed by Hansen et al. (2003) : 
where the variance is computed using a bootstrap method. In the empirical analysis given below, we will use the loss functions introduced in (2) and (3).
Indirect model evaluation methods
For the indirect evaluation of the multivariate models, we consider an asset allocation framework and compare the impact of model choice by contrasting the performances of specific portfolios. In this paper we focus on the equally weighted portfolio, denoted as EW, which is not exposed to the asset return mean estimation error, and is superior to many other portfolios (see De Miguel et al. (2009) Note that the weights of the EW strategy are not a function of the model and, as a consequence, the realized and expected portfolio returns, and the realized portfolio variances will be independent of the model used to forecast the conditional covariances.
A hat is used to identify expected quantities. We use "s" and not the Greek sigma squared to denote portfolio variances to avoid possible confusion with the asset variances. We do not follow Voev (2009) , who considered the optimal weights obtained by the true and unknown covariance in the realized returns and variances (in our case, it would have been replaced by a proxy). In fact, that approach mixes the estimation error of the covariances with that of the portfolio weights, thereby adding a further source of uncertainty. In the quantities we consider, the only difference between the expected and realized quantities is given by the covariance matrix.
Using the quantities listed above, we test the null hypothesis of equal predictive ability across pairs of models at the portfolio level by using the test statistic defined in
(1) and the following loss functions:
iii)
Note that we do not compare multivariate models indirectly by mean of utility-based loss functions because Clements et al. (2009) show that these functions make the impact of the models very limited, thereby reducing the possibility of detecting discrepancies across models. The loss functions in (8)- (10) 
Data description and selected models.
In order to compare the models presented in the previous sections, we have selected a dataset similar to that of Engle et al. (2009) In estimating all of the models, we adopt a normal likelihood, which leads to Quasi Maximum Likelihood (QML) estimation. Despite the misspecification of the density, the use of a Gaussian density enables the multi-stage estimation approach for the CCC and DCC specifications. However, using a Student t density, by contrast, will not enable straightforward decomposition of the likelihood into the respective variance and correlation contributions.
We consider two different examples, namely medium scale and large scale. In the medium scale example, we consider a subset comprising 15 of the 89 assets; for those 15 assets, high frequency data are available at the 1 minute frequency (the list is included in Appendix A). In the medium scale example, the assets are ordered alphabetically, and we estimate the model for 5 to 15 assets. The medium scale empirical application allows evaluation of the impact on the covariance proxy used. We compare the model rankings obtained when the proxy is the realized covariance with those obtained when the cross product of realized asset returns is used.
Differently, in the large scale example, each model is estimated for 10, 15, 20, 25, 30, 35, 40, 45, 50, 60, 70, 80 and 89 assets. In this second case, only daily data are available, so that the only possible covariance proxy is given by the cross product of the asset returns. As in the medium scale example, the assets are ordered alphabetically and, differently from the medium scale example, we will focus attention on the model comparison tools which are less sensitive to the noise in the covariance proxy.
In both examples, we adopt a 1-day rolling approach. In order to avoid dependence of the model comparison procedures on the mean return forecasts, these are always fixed at the sample mean. Simple diagnostic procedures on the mean returns support our choice given the extremely limited evidence of mean dynamics. As a consequence, the results reported are not biased by the misspecification of the mean dynamics. All models for all problem dimensions are re-estimated daily, and are used to produce one-step-ahead forecasts.
We consider two different out-of-sample evaluation periods. In the first, we focus on extreme market conditions and compare models for the period April 2008 -March 2009, so that estimation is performed on the last ten years of data (about 2500 observations). This could be considered as a model stress test to determine if more highly parameterized models are preferred to simpler or naïve specifications as they are not exposed to parameter uncertainty and instability. The second forecast evaluation period is for 2006, when the market was in a low volatility state and was trending upward, so that the estimation sample now comprises the last 9 years of data (about 2350 observations). This second comparison allows testing of whether the model ranking might be affected by overall market conditions. In all empirical applications of the MCS, we consider block-bootstrap sampling schemes with 5,000 replications and blocks of size 5. The Model Confidence Set approach is available in the Matlab MFE toolbox of K. Sheppard, or in the Oxmetrics MULCOM package of P.R. Hansen and A. Lunde. We stress that the empirical evaluations reported below might depend on the selection of equities, or on their ordering. However, appropriate evaluations of these elements are infeasible as they would require estimation of all models on a large number of alternative asset orderings. We made a simple evaluation, not reported here, reverting the asset ordering on the large scale example. The results obtained do not support the possible effects of the equities selection as the model preferences are essentially equivalent to those reported below. A possible symptom of the effect of asset ordering would have been a clear change in the model preference for increasing problem dimension. Such an effect might be more evident when a small number of assets is used. This is one reason which led us to focus on problem dimensions greater than or equal to 5 and 10 in the medium and large scale examples, respectively. Differently, in the medium case example, when the number of assets is reduced, the introduction of a single equity might influence the result.
Medium scale example
If we consider pairwise direct model comparisons, the Amisano-Giacomini test highlights the poor performances of the covariance shrinking approach for both of the out-of-sample periods. Furthermore, EWMA is the second worst model, better than covariance shrinking but worse than most other models. These results are only slightly influenced by the number of assets included in the evaluation. The Amisano-Giacomini test outcomes also suggest that the introduction of asymmetry in the variances or correlations induces some benefits only during the crisis period. In fact, in this second evaluation sample, models including asymmetry are generally preferred to those without asymmetry. On the contrary, during periods of low market volatility, models with asymmetry provide forecasts equivalent to those of models without asymmetry. Finally, dynamic conditional correlation specifications have statistically superior performances over constant conditional correlation models only during the crisis period.
If we perform pairwise direct comparisons using the Diebold-Mariano test, the results are also influenced by the choice of the covariance proxy. In this case, the preference ordering across models is less evident, but we note that the impact of the noise in the covariance proxy is limited during the low market volatility period of 2006.
In fact, the test outcomes are almost equivalent and show evidence of better performances of the dynamic and conditional correlation models compared with the other specifications.
During the crisis period, the use of a noisy proxy influences the model ordering.
Results obtained when the proxy is the cross product of realized returns are, for some model pairs, opposite to those provided by the test using the realized covariance.
In order to obtain a clearer picture of the model rankings, we move to the evaluation of the Model Confidence Set outcomes, which are reported in Tables 1 and   2 . As the results for the two test statistics in (5) and (6) are substantially equivalent, we will refer in the following only to the test statistic in (5). With respect to the 2006 evaluation sample (Table 1) , we note that the Amisano-Giacomini log-scores are basically excluding from the confidence set the EWMA, SHR and OGARCH models.
Differently, under MSE loss, the use of a noisy covariance proxy makes most models equivalent (SHR excluded), while a realized covariance shows evidence of forecasting underperformance of the EWMA, SHR, BEKK models, OGARCH specifications and of GJR-cDCC. We also note that moving from 5 to 6 assets, the results are quite different, and seem to stabilize as the number of assets increases.
Moving to Table 2 , the crisis evaluation period, the results are somewhat similar for the Amisano-Giacomini log-scores, but with a much clearer preference for DCC models, in particular, for GJR-cDCC. On the contrary, using MSE loss, all the models are statistically equivalent when we use a noisy proxy, while some differences emerge (but only at the 5% confidence level) when using the realized covariance. In fact, at the 1% confidence level, both proxies lead to the same results. We might associate such an effect with the extreme volatility present in the market. Finally, for both sample periods, we also note that the introduction of asymmetry, either in the variances, or in the correlation or covariances, does not provide any improvements as the specifications with or without asymmetry are statistically equivalent. We now shift to the indirect model evaluation, where we use both the AmisanoGiacomini log-scores and the MSE and QLIKE loss functions presented in Section 3.
The evaluation of the outcomes of pairwise model comparisons does not lead to a clear picture of the model rankings, and we thus directly refer to the Model Confidence Set results. For MSE loss (see Table 3 for an example), we observe that the use of realized covariances plays a sensible role when the market volatility is not too high. In fact, in the left panels, all the models provide statistically equivalent forecasting performances, while in the right panel some preferences across models clearly emerge.
Differently, when the market is experiencing turbulence, all the models perform badly in forecasting the covariances, and the outcome is essentially unaffected by the choice of the covariance proxy. Fortunately, such a result strongly depends on the loss function used. In fact, the QLIKE function shows evidence of a preference for some models, for both evaluation periods.
If we combine the MCS outcomes over the two evaluation periods and the three loss functions, we can state the following (unreported results are available upon request): i) if we consider the Amisano-Giacomini log-scores, the preferred specifications are the ABEKK and GJR-OGARCH models; ii) there is an overall preference for asymmetric CCC and DCC specifications (including GJR-CCC, GJR-DCC and GJR-ADCC) under an equally weighted portfolio strategy. Overall, the most successful models seem to be GJR-OGARCH and GJR-ADCC, quite possibly due to their flexibility.
We further stress that we focus on equally weighted strategies because alternative portfolio choices, such as global minimum variance portfolios, would require the estimation of portfolio weights. These are estimated as a non-linear function of the covariance forecasts and, by construction, are time-varying. This induces an increase in the variability across models and over time, which influences the results (those results emerge from the comparisons made with optimized portfolios which will be made available upon request, as well as the results based on the Engle and Colacito (2006) comparison approaches). As a consequence, we believe that the comparisons across EW portfolios are entirely relevant for an appropriate model evaluation as they are not affected by the estimation of the portfolio weights. Amisano-Giacomini EWMA 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 SHR 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 CCC 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 Note: Bold shaded p-values denote models included in the confidence set for each of the problem dimensions reported in the first row at the 1% confidence level. In summary, with respect to the possible ways of performing a model comparison, on the basis of our empirical results, we suggest the use of MCS with the AmisanoGiacomini log-scores as it does not depend on a covariance proxy. However, if a loss function based on a covariance proxy is preferred, we recommend the use of the QLIKE function. In both cases, the use of MCS of Hansen et al. (2003 Hansen et al. ( , 2011 ) is recommended.
Furthermore, considering the elements discussed in the introduction, the following conclusions emerge. First, the introduction of better covariance proxies has a relevant impact if we consider the MSE and QLIKE loss functions, in particular, during low volatility periods. Second, the performances of the naïve models are not really satisfactory, and this result does not depend on the problem size. In addition, the rankings across models do not seem to be time varying. Therefore, on the basis of our empirical results, we would conclude that, with the exclusion of small dimensional systems, the model rankings are robust to the cross-sectional dimension. Third, if we focus attention on the comparison between the DCC model of Engle (2002) Differently, the preference for CCC and DCC-type specifications is more evident.
Large scale example
Given the results of the medium scale example, we focus now only on the Model
Confidence Set results (the pairwise comparisons do not provide unambiguous results).
In the direct comparison, the results of MCS for the Amisano-Giacomini log-scores are equivalent to those of the medium scale example: there is a preference for CCC and DCC-type models, in particular, during the crisis (see Table 4 ), and the impact of asymmetry is limited. In addition, the MSE loss outcomes are consistent with the previous results using a noisy proxy for the crisis period, in that all models are equivalent. During 2006, there is a preference for the EWMA, GJR-ADCC and GJR-OGARCH models. The last two were included in the MCS of the medium scale example when the realized covariance was used as a covariance proxy. Even if the results cannot be verified (due to the absence of a realized covariance proxy for the 89 assets), the outcome partially confirms the previous finding of a mild preference in large asset cross sections for the GJR-ADCC and GJR-OGARCH specifications.
Moving to the indirect model evaluation, the Amisano-Giacomini log-score on Comparing the outcomes of the large scale example with those of the medium scale example, we find confirmation of the poor performances of the naïve models and of the stability of the rankings across problem dimension (at least with the sample of assets and for the evaluation periods considered here). 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 GJR-DCC 0.04 0.07 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 GJR-ADCC 0.04 0.07 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 GJR-cDCC 0.04 0.07 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 ABEKK 0.04 0.07 0.01 0.00 0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 GJR-OGARCH 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 Note: Bold shaded p-values denote models included in the confidence set for each of the problem dimensions reported in the first row at the 1% confidence level.
Concluding Remarks.
From an empirical perspective, Multivariate GARCH models suffer from the so-called "curse of dimensionality". For this reason, several simple specifications are typically used, including the CCC, DCC, OGARCH and Scalar BEKK models. Naïve methods could also be used, such as EWMA or the Covariance Shrinking approach. However, few studies have considered a detailed out-of-sample comparison of all of these models. This paper has shed light on this topic, but the outcome is far from conclusive. By using alternative evaluation methods, including the direct and indirect approaches, pairwise and multivariate methodologies, realized covariance and noisy covariance proxies, and different out-of-sample evaluation periods, the results are mixed.
Some useful results have emerged. The use of a realized covariance proxy is relevant as the rankings obtained with a noisy proxy can be quite different. This complements the findings of Hansen and Lunde (2005, 2006) and Laurent et al. (2010) .
The rankings seem not to be greatly affected by the problem size: apart from some variability for the smallest problem dimensions considered, by increasing the number of assets the model ranking stabilizes as if the impact of model estimation and specification errors (which should be increasing with the problem dimension) is not affecting the rankings.
Furthermore, naïve approaches, such as the EWMA and covariance shrinking methods, underperform compared with the dynamic models. Less common outcomes suggest that, during periods of high volatility, most models provide statistically equivalent results, while some preference is given to DCC-type and GJR-OGARCH models. Across the methods considered, the MCS method of Hansen et al. (2003 Hansen et al. ( , 2011 leads to results that are easier to interpret, the Amisano-Giacomini (2007) log-score is not influenced by the noise in the covariance proxy, and the QLIKE loss function seems to be able to detect some model preferences, even in periods of high volatility.
Overall, we do not find confirmation of the result of Zumbach (2009) , which suggested a preference for covariance models. Furthermore, we provide evidence that naïve allocation strategies, such as EW, should be preferred as they are not influenced by the variability of the portfolio weights, which might have a role in the model rankings.
Finally, it should be emphasized that the main message from the empirical analysis is that there is no optimal model. The best model must be chosen with respect to a sample period and by using selection criteria that match the purpose of the analysis.
Direct and indirect evaluations can provide markedly different results. This may be read as further confirmation of the truism that "all models are wrong, but some are more useful than others", wherein usefulness may change over time and for different applications.
As model rankings can change over time, and because alternative models are included in the MCS, this may provide a reasonable data-driven input for a forecast combination of MGARCH specifications. A possible approach would then follow the ideas of Amendola and Storti (2009) , who propose a methodology for forecast combination, but restrict their attention to two standard MGARCH specifications.
Additional research on the topic is needed, and should focus on the methodological approaches for model comparison, on the robustness of model rankings over different forecast horizons (longer that the one-day horizon used in this paper), and on the impact of estimating the portfolio weights. In order to be investigated thoroughly, such tasks would require the use of simulation-based approaches on a large crosssectional dimension. We leave this computationally challenging topic for future research.
